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Einstein equations

Einstein’s equations proposed em 1915 are

Gµν = 8πGTµν (1)

Schwarzschild’ solution: spherically solution found by Karl Schwarzschild in 1916.
The metric is given by

ds2 = −f (r)dt2 +
1

f (r)
dr2 + r2dθ2 + r2 sin2 θ dϕ2, onde f (r) = 1− 2M

r2
. (2)

Perturbation equations: the radial equation can be written in the Schrödinger-like
form

d2ψs(r)

dr2∗
+
(
ω2 − Vs(r)

)
ψs(r) = 0. (3)

Dr. Luis Alex Huahuachampi Mamani - UFRB VII Join Meeting of Graduate Students Physics UNSA - Perú 2 / 18



Perturbation equations

Perturbation equations - Bosonic fields

The potential of the Schrödinger-like equation for bosonic fields is given by ( see for
instance [Berti-Cardoso-Starinets, 2009])

Vs(r) = f (r)

(
ℓ(ℓ+ 1)

r2
+ (1− s2)

2M

r3

)
. (4)

After applying a few transformations the differential equation suitable to apply the
pseudo-spectral and AIM methods is(

u(ℓ(ℓ+ 1)− s2u)−4 iλ− 16 u(1 + u)λ2
)
ϕs(u)

+
(
u3 + 4 i u(1− 2u2)λ

)
ϕ′s(u)− (1− u)u3ϕ′′s (u) = 0,

(5)

where r = 1/u and λ = ωM. Note that u ∈ [0, 1].
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Perturbation equations

Perturbation equation - spin 1/2 field

For spin 1/2 field the potential of the Schrödinger-like equation is given by (see [Cho,
Phys. Rev. D 68, 024003] and Shu and Shen, Phys. Lett. B 619, 340])

V1/2 =
(1 + ℓ)

√
r − 2M

r7/2

(
(1 + ℓ)

√
r(r − 2M) + 3M − r

)
(6)

After applying a few transformation the differential equation suitable to apply the pseudo-
spectral and AIM methods is(

u3 + u(1 + ℓ)(1 + ℓ−
√
1− u) +

u2

2
((1 + ℓ)(3

√
1− u − 4)− 2ℓ2)− 4 i (1− u)λ

− 16u(1− u2)λ2
)
ϕ1/2(u) +

(
u3(1− u) + 4 i u(1− u − 2u2 + 2u3)λ

)
ϕ′1/2(u)

− u3(1− u)2ϕ′′1/2(u) = 0.

where r = 1/u and λ = ωM. Note that u ∈ [0, 1]. For spin 3/2 and 5/2 fields we did
the same analysis, we did not present here because their expressions are huge.
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Perturbation equations

The pseudo-spectral method - short review

The idea behind the pseudo-spectral method is to rewrite the regular function ϕ(u) in a
base composed by cardinal functions Cj(u) and the Gauss-Lobato grid, in the form (for
details see [Jansen, Eur. Phys. J. Plus 132, 546])

ϕs(u) =
N∑
j=0

g(uj)Cj(u); ui =
1

2

(
1± cos

[
i

N
π

])
, i = 0, 1, 2, · · · ,N (7)

Then, the matrix representation of the quadratic eigenvalue problem can be written as(
M̃0 + M̃1λ+ M̃2λ

2
)
g = 0; → (M0 +M1 λ) · g⃗ = 0. (8)

Cj(u) = Tj(u), Cj(u) =
2

Npj

N∑
m=0

1

pm
Tm(uj)Tm(u),


p0 = 2,

pN = 2,

pj = 1.

(9)
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Perturbation equations

The asymptotic iteration method - short review

The second order differential equation can be written in the form [H. Ciftci et al,. 2003,
Journal of Physics A: Mathematical and General]

y ′′(x)− λ0(x)y
′(x)− s0(x)y(x) = 0 (10)

where λ0(x) ̸= 0 and s0(x) are C∞. A general solution of Eq. (10) can be written in
the form

y(x) = exp

(
−
ˆ
αdt

)
×
[
C2 + C1

ˆ x

exp

(ˆ t

(λ0(τ) + 2α(τ))dτ

)
dt

]
(11)

if for some n > 0 the condition

δ ≡ snλn−1 − λnsn−1 = 0 (12)

is satisfied. However, for computing QNMs it is necessary a modification of this proce-
dure in order to circumvent numerical problems.
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Perturbation equations

The asymptotic iteration method - short review

Instead, the coefficients are expanded around an arbitrary point, say x = ξ, (see [Cho,
Cornell, Doukas, Huang, and Naylor, Adv. Math. Phys.2012, 281705])

λn(ξ) =
∞∑
i=0

c in(x − ξ)i ; sn(ξ) =
∞∑
i=0

d i
n(x − ξ)i . (13)

The quantization condition becomes

δ ≡ d0
nc

0
n−1 − d0

n−1c
0
n = 0. (14)

where

c in = (i + 1)c i+1
n−1 + d i

n−1 +
i∑

k=0

ck0 c
i−k
n−1; d i

n = (i + 1)d i+1
n−1 +

i∑
k=0

dk
0 c

i−k
n−1. (15)

A package implemented in Julia can be found in:
https://github.com/lucass-carneiro/QuasinormalModes.jl.
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Numerical results

Spin 0

[16] Shu and Shen, Phys. Lett. B 619, 340 (2005), [17] Konoplya, J. Phys. Stud. 8, 93 (2004).
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Numerical results

Spin 1

[16] Shu and Shen, Phys. Lett. B 619, 340 (2005), [17] Konoplya, J. Phys. Stud. 8, 93 (2004).
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Numerical results

Spin 2

[16] Shu and Shen, Phys. Lett. B 619, 340 (2005), [17] Konoplya, J. Phys. Stud. 8, 93 (2004).
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Numerical results

Spin 1/2

[16] Shu and Shen, Phys. Lett. B 619, 340 (2005), [18] Cho, Phys. Rev. D 68, 024003 (2003).
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Numerical results

Spin 3/2

[16] Shu and Shen, Phys. Lett. B 619, 340 (2005), [23] Chen, Cho, Cornell, and Harmsen,

Phys. Rev. D 94, 044052 (2016).
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Numerical results

Spin 1/2 and 3/2

It is worth mentioning that we found additional frequencies which are purely imaginary
and the same for spin 1/2 and 3/2 fields.
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Numerical results

Spin 5/2
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Numerical results

Spin 5/2

We also found purely imaginary frequencies for spin 5/2 field.
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Conclusions and outlook

Conclusions and outlook

We applied successfully the pseudo-spectral and AIM methods to calculate quasi-
normal frequencies of the Schwarzschild black hole for spin 0, 1/2, 1, 3/2, 2 and
5/2 fields.

For bosonic fields (spin 0, 1, and 2) we found results in agreement with results
available in the literature. We did not find any additional frequency.

For fermionic fields (spin 1/2 and 3/2) we found results in agreement with results
available in the literature. We also found additional frequencies which are purely
imaginary.

For spin 5/2 field we found results not available in the literature. We also found
frequencies which are purely imaginary.

In the next stage we are going to address the case of charged and rotating black
holes.
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Conclusions and outlook

Thank you!
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Conclusions and outlook

Contact Information

e-mail: luis.mamani@ufrb.edu.br

Profile in INSPIRE-HEP: https://inspirehep.net/authors/1284231

Physics graduate program at UESC: PROFISICA

Dr. Luis Alex Huahuachampi Mamani - UFRB VII Join Meeting of Graduate Students Physics UNSA - Perú 18 / 18
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